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Two results are proved: (1) In PG(3, q), q=2 h, h>~3, every q3-arc can be uniquely 
completed to a (q + 1)3-arc. (2) In PG(4, q), q = 2", h ~> 3, every (q + 1)4-arc is a normal rational 
curve .  
1. In~oduction 
We assume throughout this paper that the base field GF(q) is of order q = 2 h, 
where h is some positive integer greater than 2. 
Definition 1.1 [2]. A set K~ of k points of PG(r, q), no r + 1 of which are linearly 
dependent, k >/r+ 1, is called a k,-arc. (It follows that no s +2 points of K ,  
1 ~< s< r, belong to a subspace of dimension s of the PG(r, q)). Kr is complete if it 
is not a subset of any (k + 1)r-arc. A subspace PG(s, q) of the PG(r, q), l~<s ~< 
r - l ,  is external, unisecant, bisecant . . . . .  u-secant . . . .  to Kr if it has 
0, 1, 2 . . . . .  u . . . .  points in common with Kr respectively. A bisecant line is also 
called a chord. In the case of k2-arcs, a unisecant line in the ambient PG(2, q) is 
also called a tangent line. 
Delln~ion 1.2 [2]. In PG(3, q), a tangent line t at a point P of a k3-arc/(3 is a 
unisecant line through P such that any plane containing t has at most one further 
point in common with K3. A plane ¢r (of the PG(3, q)) containing a tangent line t 
at a point P of / (3 ,  but containing no further point o f / (3 ,  is called an osculating 
plane o f / (3  at P. 
B. Segre [4] proposed the following problem: 
Problem Ir, a. For given r and q, what is the maximum value of k for which k~-arcs 
exist in PG(r, q)? And what, precisely, are the k,-arcs corresponding to such a 
value of k? 
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In PG(2, q), the maximum value of k for which k2-arcs exist is q +2 [1]. A 
(q +2)E-arc is called an oval. The ovals have not, as yet, been completely 
classified. 
In PG(3, q), the problem is completely solved [3]. The maximum value of k for 
which k3-arcs exist is q + 1 [2]. Also, 
Theorem A [2], [3]. Given a (q + 1)3-are c~ in PG(3, q), then 
(1) Through each point P of ~ there pass exactly two tangent lines of qg. The 
plane formed by these two tangent lines is the unique osculating plane at P. 
(2) The 2(q + 1) tangent lines of q~ are the 2(q + 1) generators of a hyperbolic 
quadric. 
(3) Let A, B, C be any three points of qg. Let the tangent lines at A and B 
intersect in the points D and E. If the homogeneous coordinates of A, B, C, D and 
E are taken to be (1, 0, 0, 0), (0, 0, 0, 1), (1, 1, 1, 1), (0, 1, 0, 0) and (0, O, 1, O) 
respectively, then c¢ is the set 
qg = {(1, O, 0 ", O~+t); 0 • GF(q)} U {(0, O, O, 1)}, 
where ct is a generator of Aut(GF(q)). 
In PG(4, q), the maximum value of k for which k4-arcs exist is q + 1 [2]. In the 
present paper, we prove that every (q + 1)4-arc of PG(4, q) is a normal rational 
curve. 
We shall require the following theorem: 
Theorem B [5]. If k>q-x /q+l ,  then every k2-arc is contained in a unique 
(q + 2)2-arc. 
2. q3-arcs Off PG(3, q), q I>8 
Let ~ be a given q3-arc of PG(3, q), q>~8. From definitions 1.1 and 1.2 it 
follows that neither two chords, nor a chord and a tangent line, can pass through a 
common point not on s~. 
Lemma 2.1. (i) Through every point P of ~ there pass precisely three tangent lines, 
and three osculating planes. 
(ii) A plane of PG(3, q) intersecting s~ in exactly two points P and Q contains 
exactly two tangent lines (one at P and one at Q). 
(iii) A tangent line t at a point P intersects q + 1 other tangents, namely the other 
two tangent lines at P and one tangent line from each of the other q - 1 points of ~. 
Proof. (i) Project ~ from P into some plane 7r not containing P. The projection 
is a (q -  1)2-arc qg of ~r which, by Theorem B, can be uniquely completed to a 
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(q + 2)2-arc of 7r. Now, a point Pi of ~r can be added to qg to form a q2-arc if and 
only if PPi is a tangent line of ~.  Hence, there are three tangent lines of ~ at P. 
Let t~ denote the tangent line PP~, i = 1, 2, 3, where ~ tO {P1, P2, P3} is the unique 
(q + 2)E-arC containing qg. Then, a plane ot containing t~ is an osculating plane if 
and only if o~ fq-rr is a tangent line of the q2-arc c~ to{Pi}, and hence if and only if 
a f3~- is either PiPi or PiPk ( i~ j~ k¢  i). Hence, ~t has exactly three osculating 
planes at P, each pair of tangent lines at P defining an osculating plane. 
(ii) Of the q + 1 planes containing the chord PQ, q - 2 are trisecant planes, and 
hence precisely three are bisecant planes. These three bisecant planes contain the 
three tangent lines at P and the three tangent lines at Q; each bisecant plane (not 
being an osculating plane) cannot contain two tangent lines at P (or at Q). Hence 
each bisecant plane contains one tangent line at P and one tangent line at Q. 
(iii) If Q is any point of ~t distinct from P, the bisecant plane (t, Q) contains a
tangent line at Q. The result follows. 
Note. The only planes of PG(3, q) containing a tangent line are the osculating 
planes and the bisecant planes; each of these planes contains precisely two 
tangent lines. It follows that: 
Lemma 2.2. No three tangent lines of ~ are coplanar. 
Delhlilion 2.1. A T~-point is a point of PG(3, q) \~t  on precisely i tangent lines of 
~t, (i ~<q). Let t~ denote the number of T~-points (i = 0, 1, 2 , . . . ,  q). 
Lemma 2.3. (i) tl = O, Vi with 4 <~ i <~ q - 1. 
(ii) If tq > O, then tq = 1 and ~ is contained in a unique (q + 1)3-arc. 
Proof. (i) Let X be a T~-point with 4<~i~<q-1, and let ll, 12,.. . ,  ~. be the 
tangent lines through X. Now, by Lemma 2.1(iii), each line// (1 <~j<~i) intersects 
q + 1 other tangent lines. Of these q + 1 tangent lines, two pass through//tq ~¢, and 
i -  1 pass through X. Thus q -  i tangent lines intersect ~ in points distinct from 
l i tq ~ and X. Since no three tangent lines are coplanar, none of the q - i tangent 
lines can intersect Ik, 1 <~ k <~ i, k~ j .  Thus the number of distinct tangent lines 
intersecting ~, for some i, (including the lines li), is i+ i (q - i )+2 i=(q+3- i ) i .  
Since ~ has 3q tangent lines, we have: 
(q+3- i ) i<-3q  ~ ( i -3 ) ( i -q )>~O 
and this contradicts the assumption 4~ i ~<q- 1. Hence no such point X exists. 
(ii) Suppose tq >0.  Let X he a Tq-point. Since no plane can contain three 
tangent lines (Lemma 2.2), no plane through X can contain three points of ~¢. 
Thus ~t tO {X} is a (q + 1)a-arc, necessarily complete (see Section 1). Suppose Y is 
also a T,-point, X~ Y. Then, there exists a plane -rr containing X, Y and two 
points P, Q of ~,  since otherwise ~ tO {X, Y} would be a (q + 2)3-arc. But then the 
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tangent lines XP, XQ, YP, YQ lie in "rr, contradicting Lemma 2.2. Thus if tq > 0, 
then tq = 1, and ~ is contained in a unique (q + 1)3-arc. 
We now make the following assumption: 
A~m~t ioa  A. M is complete. (It follows from Lemma 2.3(ii) that tq = 0.) 
Lemma 2.4. On each tangent line t o[ s~, there are x, Tl-points, q - 2x~ + 1 TE- 
points and x , -  1 T3-points. 
Proof. Let a, b, c be the number of T~-, T2-, T3-points on t respectively. By 
Lemma 2.1(iii), there are q -  1 tangent lines intersecting t in points distinct from 
t fq~t. Hence 
b+2c=q-1  and a+b+c=q.  
Solving these equations for b and c and writing a = x~ gives the required result. 
Lemmn 2.5. I[ X is a point o[ sd or a Ta-point, and i[ l~, 12, 13 are the three tangent 
lines through X, then every other tangent line intersects one, (and only one), o[ 11, le 
and 13. 
Proof. Since, by Lemrna 2.2, no three tangent lines are coplanar, no tangent line 
(other than lx, 12, or 13) can intersect two of l~, 12 and 13. Let P be any point of ~t, 
distinct from li fqM, i=  1,2, 3. By Lemma 2.1(iii), each ~ is intersected by a 
tangent line from P. Since there are exactly three tangent lines through P, it 
follows that every tangent line through P intersects one, (and only one), of lx, 12 
and 13. The proof is complete if X is a point of ~t. If X is a T3-point, then the 
tangent lines at ~ fqM (distinct from 4) intersect ~ and (by Lemma 2.2) no other 
tangent line ~, i # / (i, / = 1, 2, 3). 
Definition 2.2. (i) Let l be a line and 7r be a plane of PG(3, q). Then l is said to 
intersect ~r inside if l neither lies in -tr nor intersects any tangent line contained in 
71. 
(ii) A T~-plane is a bisecant plane of ,~ which has its two tangent lines 
intersecting in a Ti-point, i = 2 or 3. 
l_~mmn 2.6. A tangent line intersects 
(i) an osculating plane inside in a T~-point, 
(ii) a T3-plane inside in a Tl-point, 
(iii) a Tz-plane inside in a Tz-point. 
Proof. Let ot be an osculating plane (or a T3-plane) and suppose that two tangent 
lines a, b intersect ot inside in a point P. Let the two tangent lines in o~ be 11 and 
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12; let 13 be the third tangent line through 11 f) 12. By Lemma 2.5, a intersects one 
of l~, 12 and 13; so does b. As neither a nor b intersects ll or 12, they both intersect 
13. Hence a, b and 13 are coplanar, which cannot happen. This proves parts (i) and 
(ii) of the lemma. 
We next show that a T2-point is inside exactly ½(q -2 )  T2-planes. Suppose X is 
a T2-point, and let l, m be the two tangent lines through X. Then there are 
exactly q -2  tangent lines skew to l and m, one through each of the points of 
~t\{ l  tq~/, m N~}.  Let x be such a tangent line. Then the plane (x, X) contains 
exactly one other tangent line y. Also, y is skew to l and m, as otherwise y would 
pass through X and this cannot happen since X is a T2-point. By the first part of 
the proof, (x, y) is neither an osculating plane nor a T3-plane, and so it is a 
T2-plane. Thus the q -  2 tangent lines skew to l and m are in ½(q- 2) Tz-planes 
through X. Also, the number of T2-points inside the T2-plane (l, m) is at most 
½(q- 2); it follows that if/3~ denotes the number of T2-points inside a T2-plane o~ 
(i = 1 . . . .  , t2), then 
But 
Hence 
/3, ~<½(q-2), Vi. 
t2 
/3,=½t2(q-2). 
i= l  
/3, = ½(q - 2), Vi. 
Thus, the q -2  tangent lines intersecting a TE-plane inside must do so in a 
T2-point. 
Lemma 2.7. The number x, of  Lemma 2.4 is a constant x for every tangent line t 
ofsg.  
Proof. Let R, (i = 1, 2 . . . . .  x,) be the Tl-points of t. By Lemma 2.6, no R~ is 
inside a Tz-plane. Let l be any one of the 2 (q -  1) tangent lines skew to t. Then 
the plane (R, l) necessarily contains a second tangent line skew to t, and by 
Lemma 2.6 is either an osculating plane or a T3-plane. Thus, the 2(q - 1) tangent 
lines skew to t lie in q - 1 osculating planes or T3-planes through the point ~.  Let 
R~ be inside r, osculating planes, and consequently inside q - 1 - r~ T3-planes. The 
number of osculating planes whose tangent lines are skew to t is q -  1 (one for 
each point of ~ \ (t (q ~)).  Thus 
x t 
r, =q-1 .  
i= l  
Now every T3-point not on t gives rise to a unique T3-plane which is intersected 
inside by t. Thus the number of T3-points not on t is 
x m 
~. (q - 1 - r,) = (q - 1)(x, - 1). 
,=1  
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Hence 
t3 = (q - 1)(x,  - 1) + (x, - 1) = q(x~ - 1). 
Hence x, is a constant, say x, for all tangent lines t. 
Lemma 2.8. I f  q = 2 h, h odd, h >t 3, then there exists no Ta-point. (In other words, 
in Lemma 2.7, x = 1.) 
Proof. Let X be a T3-point, and let xl, x2, x 3 be the three tangent lines through 
X. Let ~ Nx~ = Pi (i = 1, 2, 3). Project ~\{P1 ,  P2, P3} from X into some plane "rr 
of PG(3, q), X~ -rr. The projection is a set c¢ of q - 3 points, with the property that 
no four points of c~ are collinear. Suppose there exists a line l of "tr which has 
exactly two points in common with qg. Then the plane (X, l) is a bisecant plane of 
~/\{P1, P2, P3}, and hence is a bisecant plane of ~t which does not contain any of 
the lines xx, x 2 and x3. Thus the two tangent lines in (X, l) are skew to x~, x 2 and 
x3, contradicting Lemma 2.5. Hence, a line joining any two points of ~ contains a 
third point of qg. Thus 
(q23)=- -0  (mod3). 
But, if q = 2 h, h odd ,  h /> 3, we have a contradiction, since then 
(q23) -1  (mod 3). 
Lemma 2.9. x = ½q. 
l~root. From Lemmas 2.4 and 2.7 there are q - 2x + 1 Tz-points on each tangent 
line t. Since q -  2x + 1 is odd, q -  2x + 1 >i 1, and so x ~<½q. 
Assume that x<½q. Then the number of Tz-points on a tangent line t is 
q -2x  + 1 I>2. Let A be a point of ~/, and let al,  a2, a3 be the three tangent lines 
at A. (See Fig. 1.) Let B be a T2-point on a3, and let b be the other tangent line 
through/3. Let C be a T2-point distinct from B on b. Let l denote the line AC, 
and let d be the second tangent line through C. By Lemma 2.5, d intersects one 
of al and a2; without loss of generality, let d intersect az. It follows that the 
planes (a3, b), (a2, d) and (al, l) are distinct. Hence there is a further tangent line, 
say e, in the plane (al, l). By Lemma 2.6, e intersects the Tz-plane (a3, b) inside 
in a point E which is a T2-point. Let f be the other tangent line through E. By 
Lemma 2.5, f intersects one of al, a2 and a3, and so f lies in one of the planes 
(al, e), (a2, d), and (a3, b). But this is a contradiction since no plane can contain 
more than two tangent lines. Hence there do not exist two T2-points on a tangent 
line. Hence x = ½q and there is a unique Tz-point on every tangent line. 
Coro l la ry  2.1. I f  q = 2", h odd, h I>3, every q3-arc is contained in a unique 
(q + 1)3-arc. 
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Proof. Lemmas 2.8 and 2.9 contradict each other. Hence, Assumption A is not 
valid. The corollary follows from Lemma 2.3. 
From now on, we make the following assumption: 
Assumption B. q = 2 h, h even, h ~>4. (By Lemma 2.9, x = ½q.) 
Lemma 2.10. Let X be a point of s~l, or a T3-point, and let Ix, 12, 13 be the three 
tangent lines through X. Let mR, mz, m3 be the three tangent lines intersecting lx, 12, 
l 3 respectively in TE-points. Then rex, m 2 and m3 are concurrent. 
l~r~af. For i ~ L i, ] = 1, 2, 3, either ml intersects m h or else (by Lemma 2.6) n~ 
intersects the Tz-plane (~, rn~) inside in a T2-point. The second possibility implies 
that rn i has two Tz-points, which contradicts Lemma 2.9. Hence m~, m2, m3 
pairwise intersect. But they cannot be coplanar. Hence they are concurrent. 
[,emma 2.11. Suppose a TE-point A is inside a TE-plane "rrB with TE-point B. Then 
B is inside the T2-plane ~rA corresponding to A. 
Proof. Let l I and 12 be the two tangent lines through the TE-point A, ZrA = (Ix, 12), 
and let ml and m 2 be the two tangent lines through the T2-point B. We suppose 
that A is inside ~rB = (rex, m2)- This implies that lx and l 2 are skew to mx and m 2. 
By Lemma 2.6(iii), the number of T2-points inside IrA is ½(q--2). On each of the 
two tangent lines, other than 11, through l1N,.~ or a T3-point on 11, there is a 
unique T2-point. This accounts for 2 ×½q =q Ta-points which do not lie in ZrA. 
Hence the (~q- 1) Tz-points distinct from A are either inside ~r A or have both 
their tangent lines intersecting l~ or l 2. ThUS B is inside "IRA. 
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Lemma 2.12. There are three lines hi, h2 and h3, each containing ½q TE-points. 
Every TE-point lies on one of these three lines. 
Proof. Let 11 and l 2 be the two tangent lines through a T2-point A, "rrA = (lx, 12>, 
and let ml and m 2 be the two tangent lines through a TE-point B. Suppose that A 
is inside ~rB = (ml, mE). Let C be a TE-point inside "rrA, but not lying on AB. Then 
C¢TrB, since AB = "rrA f'lTrB by Lemma 2.11. This implies that the two tangent 
lines through C intersect mx and m 2 in Ta-points or points of ~,  X and Y say. It 
follows from Lemma 2.5 that the third tangent line through X must intersect both 
lx and 12; this is impossible, since otherwise there would be either three coplanar 
tangent lines or three tangent lines through A. Hence C does not exist. Hence all 
T2-points lying inside 7rh or ~rB are on the line AB. This accounts for ½q TE- 
points. Let D be a T2-point, distinct from those on AB. It follows from Lemma 
2.11 that the TE-plane 7to corresponding to D does not contain AB. Take 
another T2-point E inside 7to and obtain a second line DE containing ½q TE- 
points. We note that AB cannot intersect DE in a TE-point. Similarly, the 
remaining ½q T2-points are proved to be collinear. 
Note .  Let hx, h2 and h a denote the lines which contain the 3q TE-points. If A and 
B are distinct TE-points, then 
(i) if A, B ~ hi., then A ~ 7rB and B ~ "n'A, and 
(ii) if A ~ hi., B ~ h~, i ~ ], then the two tangent lines through A intersect hose 
through B in T3-points or points of ~.  
Theorem 2.1. Every q3-arc of PG(3, q) is contained in a unique (q + 1)3-arc. 
lhroof. Let n = ½q. Let hx, h2, h3 be the three lines on which all the 3n T2-points 
lie. Let the set of T2-points on ha be {XT, X~ . . . . .  X~}, ~t = 1, 2, 3. Let the two 
tangent lines through X~ be g~ and gi~, ] = 1, 2 . . . . .  n. Define the n x n (1, -1)-  
matrices Auo, u ~ v, u, v = 1, 2, 3, as follows: 
where 
A,~ = (a~ '~) 
1, if Ig,~,Ngj~,l=lg,~ngj~[=l, 
ai'}" = -1 ,  if Igi~ f'l gj~[ = [g~ n gj~,l = 1. 
Thus ' -- Au~ Aou. Also, (see the note after Lemma 2.12), two TE-points on 
different lines /~ and/% have their tangent lines intersecting in points of ~t or in 
Ta-points X, Y say. By Lemma 2.10, there exists a unique T2-point on h~, 
w 7 ~ u, v, with its tangent lines passing through X and Y. Hence a triple (i, ], k) 
with 
12 23 31 31 __ 12 23x aii aik ak l  - -1  (and hence aki --ali  ajk) 
is uniquely determined by any two of i, j and k. Next consider a triple (i, ], k) 
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which does not satisfy the above relationship; suppose Ig~, fq gEl = Ig~2 rq g221 = 1 and 
that Ig2, n g3[ = 1g22 n g3l = 1. Then, since no three tangent lines are coplanar, g3 
intersects g~,, and g3 intersects gil. Thus 
31__  3 ~ 1 ak l - -1  since [gk, giJ=lg3~Ng~,[=l.  
Any permutation on (il, i2), (Jl, J2) or (kl, k2) still gives 
12 23 31 __ 12 23 __ 31 _ark3 .  a~j aik ak~ - -1  and hence = a i i  aik ----aki 
It then follows that 
A 12A23 = - ½(q  - 4)A 13, 
A23A31 = _ l (q  _ 4)A21, 
AalA 12 = - -  ½(q  - -  4)A32. 
Re-labelling the tangent lines through TE-points on h 2 corresponds to multiplying 
various columns of A12 and corresponding rows of A23 by -1 .  Hence, without 
loss of generality, we may assume a ~ = 1, Vj. 
Consider the triple (1, j, k); then, as was shown before, given j there exists a 
permutation tr on {1, 2, 3 . . . . .  ½q} such that 
12 23 31 f 1, if k =j~, 
a l~a jkak l=~. - -1 ,  i f k~ j  ~. 
Thus 
0"23 = ~" a31'31 i f  k = jo', 
[--akx, if k~F .  
Hence, re-labelling the points on h a so that if' : j ,  V ie{ l ,  2 . . . . .  ½q}, we have 
1 -1  -1 .  • -1 -  
-1 1 -1  -1  
-1  -1  1 -1  
A23 = 
-1  1 
diag(a31,.. 31 
• . , an1) 
Hence  det  A23 = l (q  _ (q -2 ) /2  _31  31 • "" a , l~0 q~>8. Now 4)(-2) uxl as 
A23A31A13 = - ½(q - 4)A21A 13 = (~(q - 4))2A23 
and since A23 is non-singular 
A31A13 = (~(q  - 4))2I = m31Ata l .  
Hence the scalar product of the first row of A31 with itself is (~(q- 4)) 2. Thus 
½q = (}(q - 4)) 2 ~ (q -2) (q -8)=0.  
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Thus if q > 8, we have a contradiction, and hence Assumption A is not valid. The 
theorem follows from Corollary 2.1 to Lemma 2.9, and from Lemma 2.3. 
3. (q + 1),,-arcs of PG(4, q), q even, q I> 8 
Let P1 . . . . .  P,+x be the points of a (q+l)a-arc qg of PG(4, q), q~>8. At each 
point Pi of ~ there is an induced structure Ip,, isomorphic to PG(3, q), whose 
points, lines and planes are respectively the lines, planes and three-spaces of 
PG(4, q) through P~, the incidence relation being the one inherited from PG(4, q). 
We denote by [k] a general k-dimensional subspace of PG(4, q), (k = 0, 1, 2, 3, 4), 
and by [nt  a general n-dimensional subspace of Ip,, (n = 0, 1, 2, 3). Thus a [k] 
through Pi is also a [k -  1t, (k = 1, 2, 3, 4). It follows from the definition of a 
(q + 1)a-arC that no [3] through Pi can contain more than three further points of 
qg. Thus the set of q [1]'s PiPj, ]~ i, is a q3-arc qgi of Ip,. By Theorem 2.1, qgl can 
be uniquely completed to a (q + 1)3-arc c~( of/Pl by the adjunction of a unique [1] 
through Pi- This [1] is denoted by ~ and is" called the tangent line to ~ at P~. By 
Theorem A, the [0t 's  of ~ '  lie on a hyperbolic quadric Q~. Let 5e i denote the 
quadric cone of [4] whose [0]'s lie on the [0t 's  of Qi- 
Lemma 3.1. (i) The tangent lines ti of c~ are pairwise skew. 
(ii) There is a unique [2], -tr o say, through P/and P/, i~k g which is both a [1t of 
Qi and a [1]/of  Qi. Also, (Pi, tj) is a [1t of Qi and (Pi, ti) is a [1]i of Qi. 
Proof. (i) By construction, t~ n~ ={P,}; hence, if i#L  ~ and ~ are distinct [1]'s. 
Suppose ~ n ~ is a [0]. Then (~, ~) is a [2] which is both a [1]i and a [1] r By 
Theorem A(1), there pass through PIPj exactly two tangent [ l t ' s  of ca'; these 
[1]i's are generators of Qi, and (by definition) any [3] about a tangent [1]i of c~, 
intersects q~' in at most one [0]i other than PiP~. Hence, any such [3] intersects ca 
in Pi, Pj and at most one further point. Hence, also, these two [1t 's  of Qi (the two 
generators of Qi through PiPi) are also [1]fs of Q/through PiPj. Thus the quadric 
cones 5el and ~ intersect in these two [2]'s, and hence residually in a quadric 
surface. This residual intersection is therefore properly contained in a [3], and at 
the same time contains the q - 1 (I>7) points of ca \{Pi, P/}. This is a contradiction, 
since a [3] intersects ca in at most four points. Hence ~ and ~ are skew. 
(ii) Any [2]i containing the two [0]i's ~ and PiP i can contain at most one 
further [0t of ca'. Thus any [3] containing (P/, ~) contains at most one further 
point of ~. Hence (P/, ~) is a [1]/of Q/. Similarly, (Pi, ~) is a [1t of Qi- Hence also 
the (only) other [1]i of Qi through PiP/is a [1]/of Q/: denote this common [2] of 
5¢i and ~ by ~'i/- 
Lemma 3.2. For i ~ j, (t~, tj)N~ ={P~, P~}. 
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Proof. (~, ~) is a [2]~ containing a tangent [1t of c~[, namely (P,, ~), and two [0]i's 
of qg[, namely ~ and PIP/. Hence (~, ~) cannot contain any further [0]i's of c¢,. 
Hence (~, ~) n c¢ = {pi, P/}. 
Lemma 3.3. For a given i, (P~, ~), (] = 1, 2 , . . . ,  q + 1, ]¢  i) are q [1]~'s of a regulus 
• t, of Qv 
Proof .  I_~t t~, t~ be distinct tangent lines of c¢, i ¢ j¢  k~= i. By Lemma 3.2, 
P~(~,  tk). Hence (Pi, ~) and (Pi, t~) are skew [1]i's; by Lemma 3.1 these are [1]i's 
of Qi. Hence (P~, ~) (j = 1, 2 . . . . .  q + 1, ]¢  i), being skew lines of the hyperbolic 
quadric Qi, belong to a regulus ~ of Q~. 
2 and 2 be the two [1]~'s of Q~ through t~. Let lr~ belong to the Lemma 3.4. Let 7r~ ~r~ 
regulus ffti (as defined in Lemma 3.3). Then "rr~ O ~ is a [0], Vj~ i. 
Proof. Let ~-~ belong to the regulus ~[  (opposite to 9~). By Lemma 3.3, (P~, ~) 
belongs to ~,  VIe i, and since lines of opposite reguli pairwise intersect, lr~ n 
(P, ~) is a [0t. Thus zr~ n ~ is a [0], V]~ i. 
Corollary 3.1. About each tangent line ~ ( i = 1, 2 . . . . .  q + 1), there are two [1t 's  of 
2 Q~; the first, denoted by 1r~, is skew to all ~ ( j¢ i ) ;  the other, denoted by .try, is 
intersected by all ~ ( j~ i). 
l~mnln  3.S. 71"11, 71 "1 . . . .  1 , Irq+~ pass through a unique [1], which we denote by l. 
Also, l is disjoint from qg, and the tangent lines ~ intersect l in distinct points. 
Proof. For i ¢ ], let ~'~ O ~ = {K} and ~'~ O ~ = {L}. Since ~ and ~ are skew, K and 
L are distinct [0]'s. Since ti c ¢r~ and ~ c ~'~, it follows that 1r~ n 1r~ is (K, L). Thus 
1 1 1 • "1, ~2 . . . . .  7rq+l are q + 1 [2]'s, pairwise intersecting in a [l], and so they either 
all pass through a common [1], or are all contained in a common [3]. This latter 
case is impossible since c¢ ~ (Ir l, 1 "rrq+l). Hence Ir11,.. 1 all pass through . . . , • , q l 'q+l  
a common [1], l say. Now l is disjoint from c¢, since otherwise -n'~, '¢i, would pass 
through l nqg. Since ~ ~ ~r~, Vi, and ~ "rr~, V Ie  i, it follows that I~ All = 1, Vi. 
Since the tangent lines t~ are mutually skew, each point of l is on a unique tangent 
line ~ of c¢. 
In the following theorem, all the notations introduced in Section 3 are retained. 
Theorem 3.1. In PG(4, q), q = 2", h >t 3, every (q + 1)4-arc c~ is a normal rational 
curoe .  
Proof. Let P1, P_, . . . . .  Pq+l be the q+ 1 points of c¢. Introduce homogeneous 
coordinates so that: P~ = (1, 0, 0, 0, 0), P2=(0 ,0 ,0 ,0 ,1 ) ,  A=~h2n~-~O~'~ = 
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P//~(1, O, O, O, O) 
U(1, 1, 1, 1, 1) 
1, O, O) 
(0, 1, O, O, O) 
P2 (0, O, O, O, 1) 
B (0, O, O, 1, O) 
Fig. 2. 
(0,0, 1,0,0), B = ln t2=(0 ,0 ,0 ,  1,0), X- - -qn l=(0 ,  1,0,0,0),  U=(1 ,  1, 1, 1, 1), 
where U is any point of off, distinct from P1 and P2. (See Fig. 2.) We note that 
(tl, 1) = w~, (t2, I) = 7r2 t, (tl, A) = m "2, (P1, P2, A) = ~'t2 and (t2, A) = "Jr 2. 
Let ~2 = (w~, w2); its equation is Xo = 0. Consider the (q + 1)3-arc ~2 n ~[. This 
(q + 1)3-arc contains the points X = (0, 1, 0, 0, 0), Pa = (0, 0, 0, 0, 1) and 
P lUNk02=(0,1 ,1 ,1 ,  1). The tangent lines of @2nc~ at X and P2 are the 
intersections of ~2 with the [1]l's of Q1 containing tl and PIP2; these tangent 
lines are therefore XA = -rr 2 n ~2, XB = 1 = w~ n ~2, P2 B = (P1, t2) n ~2 and 
PEA = "tr12 O ~2" 
Thus the tangent lines at X and P2 intersect in the points A = (0, 0, 1, 0, 0) and 
B =(0,0 ,0 ,  1,0). It follows from Theorem A(3) that the (q+l)3-arc ~2n(~l is 
the set 
{(0, 1, O, 0% 0°+1); 0 • GF(q)}U {(0, O, O, O, 1)}, 
where cr is a generator of Aut(GF(q)). Hence qg is given by 
qg = {(1, f(O), Of(O), O"f(O), O"+lf(O)); 0 e GF(q)} O {(0, 0, 0, 0, 1)}, 
where f :  GF(q) ~ GF(q) is a function, with f(0) = 0 and f(1) = 1. 
Next consider the (q + 1)3-arc ~1 n ~,  where ~t  = (Try, 7r2). ~1 has equation 
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X 4 = 0. Similarly, we appeal to Theorem A(3) to obtain the (q + 1)3-arc ~ Cl ~. as 
the set 
{(1, X, X °', X '~+1, 0); X ~ GF(q)} U{(0, 0, 0, 1, 0)}, 
where to is a generator of Aut(GF(q)). Hence ~ is given by 
={(1, X, X', X "+~, g(X)); )t ~ GF(q)} O{(0, 0, 0, 0, 1)}, 
where g:GF(q)---~GF(q) is a function, with g(0)=0,  g (1)=l .  If 0~0,1  and 
A • 0, 1, then (1,1'(0), 0[(0), 0"]'(0), O"+If(O)) and 
coordinates of the same point of rg if and only if: 
f(O) = X, 
Of(O) = x ~', 
Otrf( O) =/~+1,  
0'~+lf(0) =g(X). 
Solving for X, we get 
= (X'~-l) ~-1 VX ~GF(q), A~ 0, 1. 
(1, X, A', A "+1, g(A)) a le  
(i) 
(ii) 
(iii) 
(iv) 
(v) 
Therefore the above equation (v) is true VX ~ GF(q). Suppose tr and to are the 
automorphisms of GF(2 a) 
or:a---~a 2r and to:a-.-~a 2s 
for some integers r, s with (r, h)=(s,  h )= 1. Without loss of generality, let 
1 ~< r ~ s < h. Then, equation (v) above implies 
(2' - 1)(2 s - 1) --= 1 (mod(2 h- 1)) 
2r+~--2s--2r ~0 (mod(2h-- 1)) 
2 ~ -- 2 s-r -- 1 ---- 0 (rood(2 h- 1)) since r ~< s. 
But then the left-hand side of this congruence is non-negative and is less than 
2 ~-  1, and hence is zero. Hence 
(2"-1) (2  ~-1)=1 ~ r=s=l  
Hence the automorphisms tr and to are: 
O- =-- to : a ----> ~[ 2" 
The (q + 1L-arc is therefore given by 
cg ={(1, X, X 2, X 3, A4); ;t ~ GF(q)} O{(0, 0, 0, 0, 1)}. 
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